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Ïåðâûé âûïóñê âèçóàëüíîãî êîíñïåêòà-ïðàêòèêóìà îðèåíòèðîâàí íà
ôîðìèðîâàíèå íà÷àëüíûõ ïðåäñòàâëåíèé ïî ðàçäåëó "Íåîïðåäåëåííûé
èíòåãðàë" êóðñà âûñøåé ìàòåìàòèêè. Êîíñïåêò ðàçðàáîòàí äëÿ ñòóäåí-
òîâ 1-ãî êóðñà Ìóðìàíñêîãî ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñè-
òåòà. Â ñáîðíèêå èìååòñÿ áîëåå 300 çàäà÷ è óïðàæíåíèé ðàçëè÷íîãî
óðîâíÿ ñëîæíîñòè. Èçáûòî÷íîñòü áàíêà çàäà÷ ñôîðìèðîâàíà ñ öåëüþ
ïîìî÷ü îáó÷àþùèìñÿ âñïîìíèòü îñíîâíûå ïîëîæåíèÿ ñîîòâåòñòâóþ-
ùåé òåìû "Àëãåáðà è íà÷àëà àíàëèçà", à òàêæå âîññòàíîâèòü óòðà÷åí-
íûå çíàíèÿ è íàâûêè ïî äðóãèì ðàçäåëàì øêîëüíîãî êóðñà ìàòåìàòèêè.
Áîëüøèíñòâî ïðèìåðîâ ïîñîáèÿ ìîãóò áûòü èñïîëüçîâàíû â êà÷åñòâå äè-
äàêòè÷åñêèõ ìàòåðèàëîâ â 11-õ êëàññàõ ñðåäíèõ îáùåîáðàçîâàòåëüíûõ
øêîë.

ÓÄÊ 512.83(07)
ÁÁÊ 22.143. ÿ7

Ìàòåìàòè÷åñêîå ðåäàêòèðîâàíèå, à òàêæå ñîñòàâëåíèå ñàìîñòîÿòåëü-
íûõ ðàáîò è îòâåòîâ êî âñåì çàäà÷àì ïðàêòèêóìà îñóùåñòâëåíî Êàçà-
êîâîé Ã.Á., êîòîðàÿ ÿâëÿåòñÿ ïîëíîïðàâíûì ñîàâòîðîì äàííîé ðàáîòû.



3

Ðåçíèê Í.À. Íåîïðåäåëåííûé èíòåãðàë: Âèçóàëüíûé êîíñïåêò-ïðàêòèêóì. Âûï. I. Íà÷àëüíûå
ïðåäñòàâëåíèÿ î òåõíèêå èíòåãðèðîâàíèÿ. Ìóðìàíñê: Èçä-âî ÌÃÒÓ, 1998. 80 ñ− −

1. Îñíîâíûå çàäà÷è
Ââåäåíèå ïåðâîîáðàçíîé

2. Ñâÿçü ìåæäó ôóíêöèåé è åå äèôôåðåíöèàëîì
Îïðåäåëåíèå ïåðâîîáðàçíîé
Ïåðâîîáðàçíàÿ è äèôôåðåíöèàë

3. Ìíîæåñòâî ïåðâîîáðàçíûõ
Ñâÿçè ìåæäó ïåðâîîáðàçíûìè îäíîé è òîé æå ôóíêöèè
Òàáëèöà ïåðâîîáðàçíûõ

4. Íåîïðåäåëåííûé èíòåãðàë êàê ìíîæåñòâî ïåðâîîáðàçíûõ
Îáúåäèíåíèå òàáëèö ïðîèçâîäíûõ è èíòåãðàëîâ
Ðàñøèðåííàÿ òàáëèöà ïðîèçâîäíûõ è èíòåãðàëîâ

5. Ñòðóêòóðà íåîïðåäåëåííîãî èíòåãðàëà
Îñíîâíûå ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà

6. Íåçàâèñèìîñòü ôóíêöèè îò îáîçíà÷åíèÿ åå àðãóìåíòà
Âàæíîå ñâîéñòâî òàáëèöû èíòåãðàëîâ
Èíòåãðèðîâàíèå ôóíêöèè

Èíôîðìàöèîííàÿ ñõåìà «Ïåðâîáðàçíàÿ è íåîïðåäåëåííûé èíòåãðàë»
Ñàìîñòîÿòåëüíàÿ ðàáîòà 1. Âàðèàíò 1

Âàðèàíò 2
Âàðèàíò 3

. . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4

. . . .. . . . . . . . . . . . . . . . . 6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
. . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  8

. . .. . . . . . . . . . 8
. . . . . . .. . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . 9

. .. . . . . . . .  10
. . .. . . . . . . . . . . . . . . 10
. . . . . . . . . . . . . . . . . 11

. . . . .. . . . . . . . . . . . . . . . . . . . . 12
. . . . . . . . . . . . . . . . . . 12

. .. . . . . . . . . . . 14
. . . . . . . . . . . . . . . . . . . . . . . . . . 14

. . . . . . . . . . . . . . . . . . . . . . . . . . . 14
. . 16

. . . . . .. . . . . . . . . . . . . . . . . . . . . . . . 17
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
. . . . . .. . . .. . . . . . . . . . . . . . . . . . . . 18

( )pk +xf

ÏÅÐÂÎÎÁÐÀÇÍÀß

È ÍÅÎÏÐÅÄÅËÅÍÍÛÉ

ÈÍÒÅÃÐÀË



4

Ðåçíèê Í.À. Íåîïðåäåëåííûé èíòåãðàë: Âèçóàëüíûé êîíñïåêò-ïðàêòèêóì. Âûï. I. Íà÷àëüíûå
ïðåäñòàâëåíèÿ î òåõíèêå èíòåãðèðîâàíèÿ. Ìóðìàíñê: Èçä-âî ÌÃÒÓ, 1998. 80 ñ− −

ÏÅÐÂÎÎÁÐÀÇÍÀß
È ÍÅÎÏÐÅÄÅËÅÍÍÛÉ ÈÍÒÅÃÐÀË1

Ïåðâîîáðàçíàÿ

äëÿ ( )f x

Ïðîèçâîäíàÿ

îò ( )F x

ÂÂÅÄÅÍÈÅ
ÏÅÐÂÎÎÁÐÀÇÍÎÉ

C
ïðîèçâîëüíàÿ
ïîñòîÿííàÿ

–

Îñíîâíàÿ
çàäà÷à:

Îáðàòíàÿ
çàäà÷à:

äèôôåðåíöèðîâàíèå

èíòåãðèðîâàíèå

ÎÑÍÎÂÍÛÅ
ÇÀÄÀ×È

Ïî çàäàííîé ( ) íàõîäèòñÿF x

Ïî çàäàííîé ( ) íàõîäèòñÿf x

çàäàíà èùåì
Îñíîâíàÿ çàäà÷à

äèôôåðåíöèðîâàíèÿ

çàäàíàèùåì

Îñíîâíàÿ çàäà÷à
èíòåãðèðîâàíèÿ

F x f x x a ba f a f, : ;∈〈 〉

F x f x x a ba f a f, : ;∈〈 〉

f x F x f xb g b g b g: ′ =

F x f x F xb g b g b g: = ′

F x f x( ) ′ = ( )

F x f x( ) ′ = ( )

F x f x( ) ′ = ( )

F x C f x( ) + ′ = ( )
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äëÿ cos x

Ïåðâîîáðàçíàÿ
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Ïðîèçâîäíàÿ
îò sinx

Ïðîèçâîäíàÿ
îò sinx

ÏÐÈÌÅÐ

C ïðîèçâîëüíàÿ ïîñòîÿííàÿ–

sin cosx x x, : ;∈ −∞ + ∞b g

ÏÐÈÌÅÐ

Äëÿ èìååì:
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èíòåãðèðîâàíèÿ

sin cosx x x, : ;∈ −∞ + ∞b g
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cos cos sinx x x= ′

sin cosx x
′ =

sin cosx x
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sin cosx x+
′

=Ñ

sin cos

sin cos

sin cos

x x

x x

x x

+ ′ =

+ ′ =

− ′ =
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ÏÅÐÂÎÎÁÐÀÇÍÀß
È ÄÈÔÔÅÐÅÍÖÈÀË

äèôôåðåíöèàëàïðîèçâîäíîé

F x f x x a ba f a f, : ;∈〈 〉

Îïåðàöèÿ íàõîæäåíèÿ

Íàõîæäåíèå

d F x

f x d x

( )  =

= ( )

ÎÏÐÅÄÅËÅÍÈÅ
ÏÅÐÂÎÎÁÐÀÇÍÎÉ

F x

f x

( )
íàçûâàåòñÿ

ïåðâîîáðàçíîé äëÿ ( )
åñëè

,

d F x F x d x f x d xb g b g b g
1 24 34 1 24 34

= ′ =

äëÿ ôóíêöèè
ïåðâîîáðàçíîé

îò ôóíêöèè
äèôôåðåíöèàëà

F x( )f x( )

F x

f x

( ) ′ =
= ( )

′ ( ) = ( ) ⇔ ( ) = ( )F x f x d F x f x dx

′ ( ) = ( ) ⇔ ( ) = ( )F x f x F x f x xd d

f x F x x a b

F x

F x f x

( ) ( ) ∀ ∈〈 〉
( )

′ ( ) = ( )

U
V
|

W|

, : ;
:

∀ ∈〈 〉x a b;

d
d d

F x

F x x f x x

( ) =
= ′( ) = ( )′ ( ) = ( )F x f x
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â òàáëèöå                                         â òàáëèöå

d dx
x

xa

a
a

ln
= d

x

x x
dxln

−
+

=
−

1

1

1

12

Äîêàæèòå,
÷òî

Äîêàæèòå,
÷òî5 6

5 5

1 1

3
3

4 4

2 2

3 4
Ò
ð
å
í
à
æ
å
ð

Ò
ð
å
í
à
æ
å
ð

( ) ( ) xdxfxfd ′=
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=

=

=

=

=
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1 d
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=
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d x

sin
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tg
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1
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+ =
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ÌÍÎÆÅÑÒÂÎ
ÏÅÐÂÎÎÁÐÀÇÍÛÕ

3

[ ( ) + ] = ( ) + = ( ) = ( )

ãäå ïðîèçâîëüíàÿ ïîñòîÿííàÿ

F x C F x C F x f x

C

' ' ' '

−

F x f x( ) ïåðâîîáðàçíàÿ äëÿ ( )−

F x f x
F x f x

( ) , ( ) :
( ) = ( )'

∋

∋F x C f x x a b
C

( ) + ìíîæåñòâî ïåðâîîáðàçíûõ äëÿ ( )
ãäå ïðîèçâîëüíàÿ ïîñòîÿííàÿ

∀ < ; >,−
−

F x C f x( ) + ïåðâîîáðàçíàÿ äëÿ ( )−

∀ < ; >x a b

ÑÂßÇÈ ÌÅÆÄÓ ÏÅÐÂÎÎÁÐÀÇÍÛÌÈ
ÎÄÍÎÉ È ÒÎÉ ÆÅ ÔÓÍÊÖÈÈ

Ïóñòü

Äâå ðàçëè÷íûå ïåðâîîáðàçíûå îäíîé è òîé æå ôóíêöèè,
îïðåäåëåííîé â íåêîòîðîì ïðîìåæóòêå,

ñ î â ï à ä à þ ò
ñ òî÷íîñòüþ äî ïîñòîÿííîé

(îòëè÷àþòñÿ äðóã îò äðóãà íà          )const

F x F x f x

F x f x

F x f x

F x F x

x a b

1 2

1

2

1 2

( ) ( ) ( )
′( ) = ( )
′( ) = ( )
′( ) ≠ ′( )

U
V
|

W|
∀ ∈〈 〉

, , :

;

E
( )− ( ) = ∀ ∈〈 〉F x F x x a b1 2 C ;

′( ) − ′( ) = ( )− ( ) ′

′
F x F x F x F x1 2 1 2 =

= 0 = C

′( ) = ′( )
E

F x F x1 2
U

V

|
||

W

|
|
|

⇒
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ÏÐÈÌÅÐ

1

1

0

( ) ( )xFxf ′=

( ) 22

1
+= xxF ( ) xxF 21 =′

( ) 2
xxF =

( )xF

( ) xxF 2=′

( ) 12
2 −= xxF ( ) 2

2 2 xxF =′

xx

( ) Rxxx ∈∀=
′

+ 2C2

( ) ( ) 〉〈∈∀=′ baxxfxF ;

1

0

2
1

1

x+

x
2

sco

1
xtg

xsco xnsi

1n
n

−
x

n
x

( )xf ( )xF

x

1
xln

ÒÀÁËÈÖÀ
ÏÅÐÂÎÎÁÐÀÇÍÛÕ

+Ñ
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=
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=
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